Abstract-External force observer for humanoid robots has been widely studied in the literature. However, most of the proposed approaches generally rely on information from sixaxis force/torque sensors, which the small or medium-sized humanoid robots usually do not have. As a result, those approaches cannot be applied to this category of humanoid robots, which is widely used nowadays in education or research.
I. INTRODUCTION
Having a biped structure and articulated arms makes humanoid robots ideal candidates to perform a variety of manipulation and transportation tasks. However, the manipulation or transportation of an object may create instability for the humanoid robot if no measures are taken to consider the added force, which is generated by the transported object, and adjust the walking gait. Moreover, physical interaction with a human, such as collaboratively transporting an object, also generates interaction force that should be taken into account to prevent instability issues. In those cases, it is primordial to accurately estimate the force acting on the humanoid robot.
As an example, the transportation of a heavy object on a rolling cart, as depicted in [2] , [3] , can be greatly improved if the external force generated by the cart and the transported object can be accurately measured or estimated. In [3] , a planning and navigation framework for the transportation of an object on a rolling cart have been proposed. The framework generates a feasible trajectory for the humanoid robot and the cart while considering the physical limitations of the robot. In the proposed implementation, the robot is only able to differentiate between light and heavy loads by executing a turning in place motion with the cart, and it Fig. 1 . An external force applied to a Nao robot then uses the appropriate set of motion primitives in the planning phase. However, it would be useful to have a better estimation of the external force exerted on the humanoid robot for: I)-an optimal motion planning, II)-more stable locomotion by integrating the external force into the pattern generation module.
Moreover, for a cooperative transportation task of an object with two humanoid robots, as presented in [4] , [5] , it would be very useful to measure the force exchanged through the object in order to maintain the equilibrium of the whole system.
A. Relevant Works
There are multiple approaches to estimate external forces exerted on a humanoid robot. These approaches can be roughly separated into three main categories : sensor-based approaches, model-based approaches and alternative methods such as machine learning-based methods. Each category is summarized with some examples in the following subsections.
1) Sensor-based Approach: The sensor-based approach directly measures the external force applied to a humanoid robot by using the robot's sensors. Such a method was used in [6] , [7] , where a pushing manipulation task was performed by a HRP-2 robot. In that case, the external force applied to the humanoid robot can be directly measured at all time using the six-axis Force/Torque (F/T) sensors embedded in the robot's wrists. Then, by considering the external force, the authors were able to apply the required compensation on the torso position to ensure the stability of the robot while pushing the object.
A similar approach has also been proposed by the same authors to enable a humanoid robot to lift and transport a heavy object [8] . The sensor-based approach obviously provides great performance as the force can be accurately measured at all times. However, F/T sensors are not available on all robots and it would be difficult to integrate them on smaller and cheaper robots due to the size and cost of such sensors.
2) Model-based Approach: We define model-based approach as the methods that estimate the external force acting on a humanoid robot by using a dynamic model of the robot and its actual state vector. For instance, the method presented in [9] , where the magnitude of an external force is estimated using a disturbance observer. The observer uses measurements from the robot's IMU and from F/T sensors located in the ankles to estimate the magnitude of a strong force such as a kick to the robot chest. In order to estimate the disturbance, the authors used a simplified dynamic model of the humanoid where the acceleration of its Center of Mass (CoM) is a function of the forces applied to the robot, which are: the gravity, the floor reaction force and the unknown external forces. Since the acceleration of the robot's CoM is known using IMU measurements and the floor reaction force can be directly measured with the F/T sensors, their results show that a strong impact force can be estimated somewhat accurately using that model. Another interesting method that can also estimate the external moment is proposed in [10] , that method relies on a model-based estimator to fuse the data of the robot's sensors (F/T sensors and IMU) and the whole body dynamics. An advantage of this approach over the previously presented sensor-based approach is that the external force/moment do not have to be applied at a particular point in order to be estimated. However, these methods still require F/T sensors.
A similar approach has been presented in [11] to enable a humanoid robot to walk on low friction floor. Using the linear inverted pendulum model (LIPM) to represent the humanoid robot, the authors predicted the ground reaction force and compared it with the measurements from F/T sensors in the ankles of a HRP-2 robot. The difference between the two values was then attributed to a slip force that can be easily derived. Although a slip force is also a strong force of short duration, which is very different from the force encountered in interaction tasks between several robots or a robot and a human, these works are interesting as they show that it is possible to get a good estimation of an external force by only using a limited number of sensors and a simple dynamic model of the robot. Such an approach would be interesting for medium-sized humanoid, such as Nao humanoid robot, as they usually have a small number of sensors and limited computational power. Nao [12] is a medium-sized humanoid robot manufactured by SoftBank Robotics.
In [13] , the Nao robot's limbs are modeled as kinematic chains attached to the pelvis of the robot, and a relation between a force acting on each link of the robot and the joint torques is established, a method commonly used for serial manipulators. Since Nao's joints do not possess torque sensors nor do they provide a torque estimation, the authors had to define an actuator model to estimate the motor torque from the steady-state error. Then, the problem is transformed into isolating the torque caused by gravity to obtain the portion of the torque that is the result of the external force. Although this approach can be quite powerful as the magnitude of the force along with the contact point can be found, there are multiple drawbacks in the proposed implementation. For instance, it uses the motors steadystate error to estimate the actuator torque. That means the proposed algorithm is mainly able to estimate quite a big external force.
Rotella et al. [14] presented some formulations to estimate the CoM position of a robot and to correct inaccuracies in the robot links model. With regard to our work, the most interesting contribution is an external wrench estimator that uses a linear and angular momentum model of the robot instead of the simplified LIPM dynamic. However, the approach is limited to humanoids equipped with F/T sensors at the end-effectors.
Another model-based method to estimate the magnitude of an external force applied to a humanoid robot is presented in [1] . Its main advantage is that it does not require using F/T sensors but instead it uses measurements from the robot's force-sensing resistors (FSR) sensors. The approach has been successfully validated on a Nao robot and pointed out that an external force applied to the robot can be efficiently estimated with an acceptable precision. However, the main limitation of that method is that the formulations are only valid for an external force applied in the horizontal plane.
3) Alternative Methods: Machine learning based approaches have also proven to be useful in estimating an external force applied to medium-sized/small humanoid robots.
In [15] , perturbations transmitted to a Nao robot are detected by comparing the actual sensor measurements with the predicted ones obtained with a probabilistic model. Using this method, the authors were able to successfully detect and provide an estimation of the perturbation magnitude. However, the external force that generates the perturbation has never been quantified as the algorithm can either provide the difference between the sensors (IMU and FSR) measurements and the predicted values or an equivalent footstep length. Although it is certainly possible to formulate an estimation of the force from these results, such analysis has not been conducted.
In [16] , the authors present a complimentary filter formulation to estimate the CoM of a robot or human. The proposed filter uses a spectral approach to analyze the different methods used to estimate the position of CoM (i.e. motion capture, contact forces and moments). Then, the authors propose to fuse the data by optimally using each sensor. Obviously, this approach requires a diverse set of sensors to span the whole frequency range, a condition that is often not satisfied in the case of small humanoid robots.
The main contribution of this paper is the design of a model-based observer that is able to estimate the three components of an external force applied to a humanoid robot. The force is projected onto the CoM frame, and therefore it can be directly used, for instance, in a pattern generator. The observer design and implementation architecture are given in Section IV.
This observer was also validated on a Nao humanoid robot through several experimental scenarios. The results of these experiments are analyzed in Section VI.
II. ZMP WITH AN EXTERNAL FORCE
To study the impact of an external force on the ZeroMoment Point (ZMP) formulation, we consider the two following cases:
A
. An External Force Directly Applied to the Robot CoM
This case study is illustrated in Fig. 2 . The ZMP can be found by considering the forces acting on the simplified LIPM model, which are the gravity, the inertial force and the external force. 
where p x and p y are respectively the projections of the ZMP on the x and y axis. To compute p, one can use the following formula:
where the operators × and (.|.) design respectively the cross and scalar products, and 1 As a general rule, bold parameters are vectors or matrices
• N is a constant matrix
.
• the vector n is the normal vector on the horizontal ground n = 0 0 1 T .
• The vector f o is the result of the gravity, inertial and external force:
where g denotes the gravity acceleration (g = −gn), M c is the total mass of the humanoid robot, and
T is the acceleration of the CoM.
T is the external force applied to the humanoid robot. The normal force is given by the following expression:
• τ o denotes the moment of the external force and the moment of the force f o about the origin of the fixed world frame, it is given by the following expression:
where X c = x c y c z c T is the Cartesian position of CoM. Thus, we obtain:
B. An External Force Applied to a Point of the Robot
Fig. 3. An external moment is applied to the CoM of LIPM model as a result of an external force applied to a point of Nao robot, the accelerations are omitted for clarity
An external force applied to a point of the robot structure generates an additional external moment applied to the CoM of LIPM model as shown in Fig. 3 . For instance, this force could be the result of the robot pushing, pulling or lifting an object or interacting/collaborating with a human.
Similarly to the previous case, the resultant force applied to the LIPM model is:
However, the moment τ o in this case becomes:
By applying the formula in (2), we obtain:
It is clear from (10) that, without additional sensors such as a six-axis F/T sensor, the components of external force and moment cannot be estimated. However, by defining the following virtual force:
One can figure out that, from ZMP point of view, the impact of an external force F ext applied to a point of the robot is the same as a virtual forceF ext applied directly to the CoM of LIPM model. Therefore, we only consider the latter case in the sequel of the paper.
III. MEASUREMENTS
Using the robot available sensors (FSR, IMU and joint encoders), the ZMP, CoM position and acceleration, and ground reaction force can be estimated. Those variables will play the role of output (observation) signals for the Kalman filter based observer. Note that, in this work, all measurements are unfiltered (raw) signals.
A. Ground Reaction Force
The ground reaction force can be directly estimated using the FSR sensors. In the case of Nao robot, for instance, each foot possesses 4 FSR sensors with a force range between 0 and 25N, and the ground reaction force f o n is given by:
where F * i is the force measured at the i th FSR.
B. ZMP
Recall that the ZMP and Center of Pressure (CoP) coincide when the robot is in a stable configuration [17] . Thus, the ZMP can be computed as follows:
where f o n is defined in (12) , and x * i and y * i are the x and y positions of the i th FSR in the foot frame.
C. CoM Acceleration
The acceleration of CoM can be directly extracted from the IMU, which is a standard part of a humanoid robot sensors. As for Nao, the IMU provides measurements from a three-axis accelerometer and a two-axis gyroscope. As in [1] , we assume that the CoM coincides with the IMU. Therefore, the accelerometer data can be used to approximate the acceleration of the CoM.
D. CoM Position
The CoM position in the support foot frame can be easily obtained by a simple forward kinematics.
IV. EXTERNAL FORCE OBSERVER
The first component of the external force applied to the humanoid robot that can be directly estimated from the FSR information is F z using (5). Then, the horizontal components F x and F y can be estimated using (7).
A. Estimating F z
To estimate F z , Eq. (5) is discretized with a sampling time T to obtain the following linear dynamic system:
where:
• The state vector:
T where ... z c (kT ) is the acceleration derivative which is usually called the jerk.
• The output signal:
• v z is the observation noise and considered as a Gaussian white noise with a covariance matrix R z . Thus, v z ∼ N (0, R z ).
To formulate the estimation problem as a Kalman filter, we reformulate the dynamic system in (14) as follows:
where ω z (k) = B u z (k) becomes the process noise, which is supposed to be a Gaussian white noise with a covariance Q, i.e. ω z ∼ N (0, Q), which is independent of v z . The matrix Q is given by:
where σ 
Estimating F x and F y As above-mentioned F x and F y can be estimated from (7). However, because of the similarity between the two components of ZMP (p x and p y ), we only consider the estimation of F x as F y can be estimated in an analogous way.
At first, p x in (7) is discretized with a sampling time T to obtain the following linear dynamic system:
• X (k), ω x (k), v x , A and Q are defined in the same way as in Section IV-A by replacing F z by F x and z c by x c .
are computed using (18) . By applying Kalman filter on (19) , an estimation of the state vector X is obtained.
The observer implementation architecture is summarized in Fig. 4 .
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Kalman filter applied on Eq (19) These data and code could be helpful for the humanoid robotics community with the objective of benchmarking and comparing with other/their approaches. The observer has been experimentally validated on the Nao robot through three scenarios, and it has been also used to accomplish human-robot interaction tasks.
A. Force Applied to the Robot Torso In this experiment, a force in the x − z plane is applied through a spring-based force meter as shown in Fig. 5(a) . As the torso frame is close to the CoM position of the robot, the magnitude of resulting moment applied to the LIPM model is relatively small. Therefore, applying a force to the robot torso is practically equivalent to applying it to its CoM.
The F x and F y components of the force can be easily obtained by the following formula:
where F ext is the force magnitude measured with the force meter, and θ is the angle between the force meter and the x axis, the positive direction of rotation is defined to be clockwise.
The experiment consists of applying a force with a constant magnitude of approximately 2N in the x − z plane but with different values of the angle θ. Fig. 5(b) shows the overall performance of the observer, it points out that the observer reasonably succeeds in estimating the three components of the external force. However, note that the main difficulty in this experiment was keeping a force with constant magnitude by only visually monitoring the force indicator. Moreover, the angle (θ) was also visually monitored using a protractor.
We can also notice that the observer detects non-zero force along y axis, this is mainly because of the difficulty of keeping the force meter in the vertical plane. The setup for the second and third scenarios are respectively presented in Fig. 6(a) and Fig. 7(a) , and the attached mass m o =2.5 pounds (1.13 kg). In both experiments, a force of around 11 N has been applied to the robot right arm, first along the y axis in Fig. 6(a) and then along the z axis in Fig. 7(a) . By applying inverse dynamics to the kinematic chain from the point at which the force is applied to the robot CoM, the wrench vectors in the second and third experiments as well as the virtual forces, as defined in (11) , are respectively:
Those experiments are very similar to the experiments conducted in [13] , they are used as a benchmark to compare with their results. Fig. 6(b) and Fig. 7(b) show that the proposed observer succeeds in estimating the corresponding virtual external force, this is because the estimated force is reasonably close to the expected one.
The authors in [13] point out that the estimated force, by their method, has an important magnitude instead of a small one when the mass is removed. They argue that their main sources of error are the unmodeled static friction and the lowcost hardware of Nao robot, for instance, plastic joint gears. On the other hand, the estimated force by our observer after removing the mass has a small magnitude of around 0.5 N, which is an order of magnitude smaller than the results in [13] . Furthermore, those results also show the robustness of our observer to the sources of error identified in [13] .
C. Compliant Human-Robot Interaction
As an application of our observer, we have implemented an interactive walking based on the interaction between the robot and a human as shown in Fig. 8 . In this scenario, the robot walks in the direction of the detected force (forward or backward) if the force magnitude exceeds a predefined threshold, and stops if the magnitude of detected force is less than the threshold. A second application is a compliant control of the robot arms as a function of the detected force in the sagittal plane (x axis) as follows:
where x h and x 0 h are respectively the desired position of the hand and its initial position along the x axis. k is a virtual spring constant and F x is the detected force along x axis. A snapshot of the experiment is given in Fig. 9 .
VII. CONCLUSION
In this paper, we introduced a Kalman filter based observer to estimate the three components of an external force applied to a medium-sized/small humanoid robot. In contrast to conventional methods that are mainly based on the use of expensive 6-axis force/torque sensors, the proposed observer uses measurement from force-sensing resistors located under the feet of the robot and the information from the robot's IMU sensor. This observer was extensively tested on a Nao robot and the results revealed that it overcomes the limitations of the related approaches in the literature, those limitations are mainly caused by the low-cost hardware components of the robot.
However, there is still room for improvement, for instance, the covariance matrices R and Q in the observer implementation have been experimentally identified, however, they can be estimated using some existing methods in the literature, such as [18] . Moreover, even though the objective of our observer is to estimate an equivalent force, called virtual force, that is applied to the CoM frame, a combination with methods for identifying the contact point, such as [19] or [20] , would provide the external force components at the contact point and in the world frame by a simple inverse dynamics calculation.
Future work will focus on integrating the external force observer into the pattern generator module and humanhumanoid robot collaborative tasks.
